A quadrature formula for entire functions of exponential type wherein the nodes are the zeros of the Bessel function of the first kind was recently obtained by C Frappier and P. Olivier. Here the condition imposed on the function is relaxed. Some applications of the formula are also given.
Introduction and statement of results
If f is an entire function of exponential type 2t>0 belonging to L' (-oo, oo) then ( [3] )
where the series is absolutely convergent. If f belongs to L'(-oo, oo), then so do the functions (f(x)+f(-x))/2 and (f(x)-f(-x))/2. Since (f(x)-f(-x))/2 is odd, ¡Zof(x)dx is nothing but J0°°(f(x) + f(-x))dx. Hence (1) may be written as ,n jfwxH/H,,,* -££(,(Í^)+/(J=¿ÍÍ5)) . Formula (2) reduces to ( 1' ) when a = -j since -J^T = V*cos(Tz)-However, in the case a = -\ , formula (2) holds for every entire function / of exponential type 2t suchthat x2a+1(f(x) + f(-x)) belongs to L'lO.oo). It is therefore natural to wonder if the same can be said for other values of a too. We shall show that this is indeed the case if a is real and > -1. To be precise, we have Theorem 1. If a > -1, then (2) holds for every entire function f of exponential type 2x suchthat x2a+1(f(x)+f(-x)) belongs to L'[0, oo). Besides, the series on the right-hand side of (2) is absolutely convergent.
It may be mentioned that the zeros jx(a), j2(a), ... , jk(a), ... are all real when a is real and > -1 .
If / is integrable on [ 1, X] for all X > 1 and
exists, then we denote the limit by J,-*00 f(x) dx and say that / is integrable in the sense of Cauchy on [1, oo) . If / is integrable on [Ç, 1] for all £ 6 (0, 1) and lim exists, then we denote the limit by J^Q f(x)dx and say that / is integrable in the sense of Cauchy on (0, 1]. If / is integrable in the sense of Cauchy on [1, oo) as well as on (0, 1], then we say that / is integrable (in the sense of Cauchy) on (0, oo) and denote the integral by ■>oo f(x) dx .
-0
The question arises if in Theorem 1 it would be enough to assume the function x2a+l(f(x) + f(-x)) to be integrable in the sense of Cauchy on (0, oo). The answer is no. Indeed, the function Ja(rz)Ja+x(rz) f*(z> = -^Ti-> which was considered in [4, §5.2] serves as a counterexample. This function is of exponential type 2t and is integrable in the sense of Cauchy on (0, oo) ; the value of the integral is \ [8, p.406 ] whereas the right-hand side of (2) is 0. However, we shall prove the following L License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Theorem 2. Let a > -1 and f be an entire function of exponential type a < 2x such that x2a+l(f(x) + f(-x)) is integrable in the sense ofCauchy on (0, oo).
*2a+2 h mua)))1 v\ t )+J\-x if the series on the right is convergent.
The following result was also proved in [4] to which we refer the reader for the definition of the nodal function <y. This result is to be compared with a classical theorem of F. Carlson according to which, if / is an entire function of exponential type < n and vanishes at the points « = 0, ±1, ±2, ... , then it is identically zero. We refer the reader to [2, Chapter 9] for various extentions of Carlson's theorem. It may be noted that in the above corollary the function is allowed to be of order 1 type n as long as (4) holds.
Remark 1. The example 4^
shows that the conclusion of the above corollary may not hold if (4) is not satisfied.
Remark 2. If a function is of exponential type n satisfying (4), then it may not be identically zero unless it vanishes at all the points ^^ , k = ±\, ±2, ... . This is shown by the example
where « 6 {±1, ±2, ±3, ...} . The inequality is sharp; indeed, it becomes an equality for the function defined in (6).
Auxiliary results
Let (j)(t) be a nonnegative, nondecreasing, and convex (nonconcave) function of logi, with 0(0+) = 0 but <j>(t) not identically zero. Further, let <t>(e~') = 0(t~1/2) as t -> +00. It was proved by Boas [ (9) \F(x)\ < e forO<x<Xe .
Let 0 < xx < x2 < Xe. Integration by parts gives
which by virtue of (7) and (9) which is equivalent to (5) . D
